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Introduction and motivation

Angular displacements : -

I An optical beam can carry two forms of angular momenta:
spin angular momentum (SAM) and orbital angular
momentum (OAM).

SAM : -

I SAM relateds to the polarization of the beam, and angular
momentum of each photon is σ~, where σ = +1 and σ = −1
stand for the left- and right-handed polarization, respectively.
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Introduction and motivation (cont.)

OAM: -

I The OAM relates to the transverse angular phase of the light
in the form of e ilψ, where l is the OAM quantum number of
the photon.

Why OAM ?

I OAM performs better than SAM. This is because SAM forms
a two-dimensional Hilbert space (spin up or spin down),
whereas OAM space is inherently infinite dimensional.

Angular amflication: -

I angular displacement θ into an amplified displacement lθ.
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Introduction and motivation (cont.)

How can we estimate angular displacements ?

I By using parameter estimation theory

Block diagram of parameter estimation theory

Ô(ϕ)ϕ 〈Ô(ϕ)〉, ∆2Ô(ϕ)

Parameter Observable depending Average and
on the parameter variance of the observable
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Introduction and motivation (cont.)

Is there a better way for angular displacements estimation?

I The Fisher information (FI)

Definition

I In mathematical statistics, the Fisher information is a way of
measuring the amount of information that an observable
random variable X carries about an unknown parameter ϕ .

The Cramér-Rao bound (CRB)

I Gives the lower bound for the estimation of a parameter ϕ
∆ϕCRB = 1√

Fcl (ϕ)
,

where Fcl(ϕ) is the (classical) Fisher information.
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Introduction and motivation (cont.)

Experimental prospective:-

I For the experimental purpose, we can use (Mach-Zehnder,
Michelson, Sagnac)

MZI
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Introduction and motivation (cont.)

Type of MZI interferometer (depending on t (r) transmission and
reflection coefficients) :

I Balance MZI (t = 1√
2
, r = i√

2
)

I Unbalance MZI (t 6= 1√
2
, r 6= i√

2
)

Detection schemes:

I Parity detection
I Single-mode intensity detection
I Difference-intensity detection
I Balanced homodyne detection
I Double homodyne detection

Karunesh Kumar Mishra ELI-NP Young Researchers Days January 10, 2022 8 / 20



The shot-noise limit and Heisenberg limit

The average number of the input photons N̄ is the resource we
have . So how much sensitivity we hope for?

The classical limit (standard quantum limit - SQL)

I Also called the shot-noise limit (SNL), ∆ϕSQL = 1√
N̄

N̄ is

the average number of photons we have.

The Heisenberg limit (HL):

I ∆ϕHL = 1
N̄

We can not overcome this limits.
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Model

Modified MZI .

The action of each components of MZI is described by annihilation
(â) and creation (â†) operators.
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Model (cont.)

Parametric amplifier (PAs):

I Used for squeezing the shot noise and amplifying the internal
photon number.

Spiral phase plates (SPPs):

I It provide orbital angular momentum (OAM) to the light
field.

Dove prisms (DPs):

I Imposes a phase shift of 2lθ to the field, where θ is the
rotation angle of the DP .
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Angular displacements in one arms

Input states |0〉 & |α〉

Single-parameter quantum Fisher information (QFI):

F = 16l2[〈n̂2
b2
〉 − 〈n̂b2〉2] = 8l2

(
e4r |α|2 + sinh2 2r

)
(1)

In this case, the corresponding QCRB, which is theoretical best angular
displacement sensitivity

∆θQCRB =
1√

8l2
(
e4r |α|2 + sinh2 2r

) (2)
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Realistic detection scheme
Homodyne detection scheme

The configuration for the homodyne detection scheme

X̂φL
(phase quadrature) =

e−iφL â6+e iφL â†6
2
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Realistic detection scheme (cont.)
Homodyne detection scheme

Principle of the Homodyne : mix the one output into the ”local
oscillator”

I By balanced beam splitter, detect the difference of the
photo-currents.

The sensitivity is obtained through an error propagation analysis

∆θhom =
(∆X̂φL

)

|∂〈X̂φL
〉/∂θ|

(3)

Where ∆X̂φL
and |∂〈X̂φL

〉/∂θ| denote the noise of observable X̂φL

and its rate of change with respect to θ, respectively.
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Realistic detection scheme (cont.)
Homodyne detection scheme

From the parameter estimation sensitivity of modified MZI

∆θBHD =

√
− sinh r cosh r [cos(4lθ) + 1] + cosh(2r)

2l(cosh r + sinh r)|α| cos(2lθ)|
(4)

Where the superscript BHD denotes the balanced homodyne de-
tection. r is the squeezing parameter of PAs. |α| amplitude of
coherent states.
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Results

The sensitivity1 as a function of angular displacement θ

This result shows that the sensitivity of balanced homodyne detec-
tion can surpass the SQL and approach the QCRB.
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Results (cont.)

The effect 2 on the phase sensitivity with the increase in the squeezing
parameter r.

It observed that with increase in r, the sensitivity improves. The
sensitivity always goes below the SQL. With higher r, the sensitivity
of keeps increasing and approaches the QCRB.

1
G AO -F ENG J IAO 3, No. 11 / 15 3290 (2020)

2
G AO -F ENG J IAO 3, No. 11 / 15 3290 (2020)
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Conclusion and outlooks

Conclusion : -

I Theoretical and experimental approaches of Angular
displacements sensitivity

I Modified SU(2) interferometer
I Estimation protocol(single-parameter QFIs)
I Realistic detection scheme ie, homodyne detection scheme

Outlooks : -

I This model can be used for study of phase sensitivity.
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Thank you for your attention!
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