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1.2.1 Lagrangian şi ecuaţiile de câmp Proca . . . . . . . . . . . . . 9

3



4



5

Capitol 1

Câmpuri clasice - Rezumat

Câmpuri clasice Lagrangian

Ecuaţiile de mişcare (Euler-Lagrange)
Ecuaţiile de câmp

∂L
∂ϕi
−∂µ

(
∂L

∂(∂µϕi)

)
=0

Oscilator armonic L =
mẋ2

2
− kx2

2
; p =

∂L

∂ẋ
mẍ+ kx = 0

Coardă oscilantă
L =

T︷ ︸︸ ︷
ρ

2

(
∂y

∂t

)2

−

V︷ ︸︸ ︷
ρ v2

2

(
∂y

∂x

)2 ∂2y

∂t2
− v2 ∂

2y

∂x2
= 0

Câmp scalar L=

T︷ ︸︸ ︷
1

2

1

c2

(
∂tϕ
)2
−

V︷ ︸︸ ︷
1

2

(
∂xϕ

)2
≡ 1

2

(
∂µϕ

)2
1

c2
∂2ϕ

∂t2
− ∂2ϕ

∂x2
= 0

∂µ∂
µϕ = 0

Câmp scalar real masiv
(Klein-Gordon)
(cu ~ = c = 1)

L=
1

2

[
(∂tϕ)2−(∇ϕ)2−m2ϕ2

]
≡ 1

2

[
(∂µϕ)2−m2ϕ2

] (∂2
t −∇2 +m2)ϕ = 0

(∂µ∂
µ +m2)ϕ = 0

Câmp scalar complex
masiv

(Klein-Gordon)
(cu ~ = c = 1)

L=∂tϕ
∗∂tϕ−∇ϕ∗ ·∇ϕ−m2ϕ∗ϕ

≡∂µϕ∗∂µϕ−m2ϕ∗ϕ

(∂2
t −∇2 +m2)ϕ∗ ≡ (∂µ∂

µ +m2)ϕ∗ = 0

(∂2
t −∇2 +m2)ϕ ≡ (∂µ∂

µ +m2)ϕ = 0

Câmp Schrödinger L = i~ϕ∗ϕ̇− ~2

2m
∇ϕ∗ · ∇ϕ− V ϕ∗ϕ

i~
∂ϕ

∂t
=− ~2

2m
∇2ϕ+V ϕ

−i~∂ϕ
∗

∂t
=− ~2

2m
∇2ϕ∗+V ϕ∗

Câmp Dirac
L = i ~ ϕ̄ γµ∂µϕ−mc ϕ̄ϕ

unde ϕ̄ = ϕ†γ0

i ~ γµ∂µϕ−mcϕ=0

i ~ ∂µϕ̄ γµ+mc ϕ̄=0

Câmp Maxwell

L = −1

4
FµνF

µν − µ0 jµA
µ

unde Fµν =∂µAν−∂νAµ
F µν =∂µAν−∂νAµ

∂µF
µν = µ0j

ν

∂λFµν + ∂µFνλ + ∂νFλµ = 0

Câmp Proca

L = −1

4
FµνF

µν +
m2

2
AµA

µ

=−1

2

[
(∂µAν)(∂

µAν)+(∂µAν)(∂
νAµ)

]
+
m2

2
A2

∂νF
µν +m2Aµ = 0

(∂ν∂
ν)Aµ − ∂µ (∂νA

ν) +m2Aµ = 0
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1.1 Ecuaţiile de câmp electromagnetic (Maxwell)

• Lagrangianul de câmp elec-
tromagnetic este:

∣∣∣∣ L = −1

4
FµνF

µν − µ0jµA
µ (1.1)

• Tensorul de câmp electromagnetic este:

Fµν =∂µAν−∂νAµ≡
∂Aν
∂xµ
− ∂Aµ
∂xν

; F µν =∂µAν−∂νAµ≡ ∂A
ν

∂xµ
− ∂A

µ

∂xν
(1.2)

Fµν=


0 E1/c E2/c E3/c

−E1/c 0 −B3 B2

−E2/c B3 0 −B1

−E3/c−B2 B1 0

 ; F µν=


0 −E1/c−E2/c−E3/c

E1/c 0 −B3 B2

E2/c B3 0 −B1

E3/c −B2 B1 0

 (1.3)

• Folosim tensorii metrici gµν de coborı̂re indici gνα∂µA
α = ∂µAν şi gµν

de ridicare indici gµβ∂βA
ν = ∂µAν . Astfel, la o transformare termenii temporali

nu schimbă de semn A0 = A0, iar cei spaţiali schimbă de semn Ai = −Ai.
Atunci, ridicarea sau coborı̂rea simultană a perechilor de indici spaţiali (i,j) nu schimbă
de semn: ∂iAj = ∂iAj , iar ridicarea sau coborı̂rea simultană a indicilor time-
space (0,j), (i,0) schimbă de semn: ∂0Aj = −∂0Aj şi ∂iA0 = −∂iA0.
De aceea, ţinând cont şi de antisimetria tensorului Fµν =−Fνµ sau F µν =−F νµ avem,

−Fij =Fji=F ji=−F ij F0i=−Fi0 =F i0 =−F 0i (i, j=1, 2, 3)

• I-ul termen al Lagrangian-ului (1.1) conţine FµνF µν

FµνF
µν =−

F0iF
0i+Fi0F

i0︷ ︸︸ ︷
2
(
E2

1 +E2
2 +E2

3

)
/c2+

FijF
ij+FjiF

ji︷ ︸︸ ︷
2
(
B2

3 +B2
2 +B2

1

)
=2

(
B2−E

2

c2

)
Explicit

FµνF
µν =(F12F

12+F21F
21)+(F23F

23+F32F
32)+(F31F

31+F13F
13)+

+(F01F
01+F10F

10)+(F02F
02+F20F

20)+(F03F
03+F30F

30)=

=(F12F12+F12F12)+(F23F23+F23F23)+(F31F31+F31F31)−
− (F01F01+F01F01)−(F02F02+F02F02)−(F03F03+F03F03)=

=2
(
∂1A2 − ∂2A1

)2
+ 2
(
∂2A3 − ∂3A2

)2
+ 2
(
∂3A1 − ∂1A3

)2
−

−2
(
∂0A1 − ∂1A0

)2
− 2
(
∂0A2 − ∂2A0

)2
− 2
(
∂0A3 − ∂3A0

)2
• Vom deduce ecuaţiile de câmp

(Maxwell) din ecuaţiile Euler-Lagrange:

∣∣∣∣ ∂L
∂Aν
−∂µ

(
∂L

∂(∂µAν)

)
=0 (1.4)

• Căutăm ı̂ntâi derivatele Lagrangian-ului
∂L
∂Aν

ı̂n ecuaţia Euler-Lagrange (1.4).
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In Lagrangian-ul (1.1) avem −µ0jµA
µ cu produsul scalar

jµA
µ = j0A

0 − jiAi = j0A0 + jiAi,

iar derivatele
∂L
∂Aν

sunt:
∂L
∂A0

=−µ0j0 =−µ0j
0 ;

∂L
∂Ai

=−µ0ji=µ0j
i

Atunci I-ul termen al ecuaţiei Euler-Lagrange (1.4) =⇒ ∂L
∂Aν

=−µ0j
ν (1.5)

• Căutăm acum şi derivatele Lagrangian-ului
∂L

∂(∂µAν)
cerute ı̂n (1.4):

∂L
∂(∂1A2)

= −1

4
(+4) (∂1A2 − ∂2A1)︸ ︷︷ ︸

F12

= −F12 = +F21 = +F 21 = −F 12

∂L
∂(∂2A1)

= −1

4
(−4) (∂1A2 − ∂2A1)︸ ︷︷ ︸

F12

= +F12 = −F21 = −F 21 = +F 12

şi similar pentru celelalte derivate spaţiu-spaţiu, adică,

∂L
∂(∂1A2)

= −F12 = −F 12 ;
∂L

∂(∂2A3)
= −F23 = −F 23 ;

∂L
∂(∂3A1)

= −F31 = −F 31

∂L
∂(∂2A1)

= −F21 = −F 21 ;
∂L

∂(∂3A2)
= −F32 = −F 32 ;

∂L
∂(∂1A3)

= −F13 = −F 13

Rezumat: derivatele spatiu-spaţiu sunt: =⇒ ∂L
∂(∂iAj)

= −Fij = −F ij (i, j = 1, 2, 3)

iar pentru derivatele timp-spaţiu avem

∂L
∂(∂0A1)

=−1

4
(−4) (∂0A1 − ∂1A0)︸ ︷︷ ︸

F01

= +F01 = −F10 = +F 10 = −F 01

∂L
∂(∂1A0)

= −1

4
(+4) (∂0A1 − ∂1A0)︸ ︷︷ ︸

F01

= −F01 = +F10 = −F 10 = +F 01

şi similar pentru celelalte derivate timp-spaţiu, adică:

∂L
∂(∂0A1)

= +F01 = −F 01 ;
∂L

∂(∂0A2)
= +F02 = −F 02 ;

∂L
∂(∂0A3)

= +F03 = −F 03

∂L
∂(∂1A0)

= +F10 = −F 10 ;
∂L

∂(∂2A0)
= +F20 = −F 20 ;

∂L
∂(∂3A0)

= +F30 = −F 30

Rezumat: derivatele timp-spaţiu sunt: =⇒ ∂L
∂(∂0Aj)

= +F0j = −F 0j (j = 1, 2, 3)

Deci,
∂L

∂(∂µAν)
= −F µν =⇒ ∂µ

(
∂L

∂(∂µAν)

)
= −∂µF µν (1.6)
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Inlocuind derivatele (1.5) şi (1.6) ı̂n
ecuaţia de mişcare Euler-Lagrange
∂L
∂Aν
−∂µ

(
∂L

∂(∂µAν)

)
=0 (1.4)

∣∣∣∣∣∣∣ ∂µF
µν = µ0j

ν (1.7)

Am regăsit ecuaţiile Maxwell neomogene.

1.1.1 Ecuaţia de continuitate (conservare curent electromagnetic)

• Am văzut, ecuaţia de continuitate atât ı̂n mecanica cuantică nerelativistă cât şi ı̂n
cea relativistă, este:

∂µj
µ ≡ ∂ρ

∂t
+ ~∇ ·~j = 0

Folosind ecuaţiie Maxwell neomogene ∂µF µν =µ0j
ν , ecuaţia de continuitate devine

∂µj
µ = ∂µ

(
1

µ0

∂νF
νµ

)
=

1

µ0

∂µ∂νF
νµ = 0

folosind definiţia F µν =∂µAν−∂νAµ avem,

∂µF
µν = ∂µ (∂µAν − ∂νAµ) = ∂µ∂

µAν − ∂ν (∂µA
µ) = µ0j

µ

Folosind calibrarea Lorenz: ∂µAµ = 0, rămâne,

ecuaţia de continuitate pentru
potenţialul electromagnetic Aµ

∣∣∣∣ ∂µ∂
µAν = µ0j

ν (1.8)

In absenţa curenţilor jν = 0 obţinem ecuaţia Klein-Gordon pentru particule de masă nulă
m = 0 (fotoni) ∂µ∂µψ = 0, adică ecuaţia de propagare a undelor electromagnetice.

Aν este funcţia de câmp, joacă rolul funcţiei de undă ψ din ecuaţiile cuantice.
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1.2 Ecuaţiile de câmp Proca

1.2.1 Lagrangian şi ecuaţiile de câmp Proca

• Lagrangianul Proca, similar cu cel elec-
tromagnetic (1.1) ı̂nsă fără sursă jµ = 0,
dar la care s-a adăugat termenul masic:

∣∣∣∣∣ L = −1

4
FµνF

µν +
m2

2
AµA

µ (1.9)

• Tensorul de câmp Proca Fµν exprimat prin
componentele de câmp Proca Aµ , similar
cu cele din cazul electromagnetic:

∣∣∣∣∣

Fµν =∂µAν−∂νAµ

(µ, ν=0, 1, 2, 3)
F µν =∂µAν−∂νAµ

• Exprimarea ecuaţiilor de câmp Proca Aµ,
cere determinarea derivatelor Lagrangian-
ului din ecuaţiile Euler-Lagrange:

∣∣∣∣∣ ∂L
∂Aν

− ∂µ
(

∂L
∂(∂µAν)

)
= 0 (1.10)

• Căutăm ı̂ntâi derivatele Lagrangian-ului
∂L
∂Aν

ı̂n ecuaţia Euler-Lagrange (1.10).

In Lagrangian-ul (1.9) avem
m2

2
AµA

µ cu produsul scalar

AµA
µ = A0A

0 − AiAi = A0A0 + AiAi,

iar derivatele
∂L
∂Aν

sunt:
∂L
∂A0

= m2A0 = m2A0 ;
∂L
∂Ai

= m2Ai = −m2Ai

Atunci I-ul termen al ecuaţiei Euler-Lagrange (1.10) este
∂L
∂Aν

= m2Aν (1.11)

• Acum, derivatele Lagrangian-ului
∂L

∂(∂µAν)
cerute ı̂n (1.10), sunt identice cu cele

din cazul câmpului electromagnetic (1.6), vezi pag.7.:

∂L
∂(∂µAν)

=−F µν iar ı̂n ecuaţia (1.10) avem: ∂µ

(
∂L

∂(∂µAν)

)
= −∂µF µν (1.12)

• Inlocuind derivatele (1.11) şi
(1.12) ı̂n ecuaţia de mişcare
Euler-Lagrange (1.10) obţinem
Ecuaţiile de câmp Proca:

∣∣∣∣∣∣∣ ∂µF
µν +m2Aν = 0 (1.13)


