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Partea I

De la Mecanica Clasică (particule) la
Câmpuri Clasice (unde)
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Lagrangian sisteme oscilante

Ecuaţia Euler-Lagrange ı̂n mecanică:

∂L

∂yi
− d

dt

(
∂L

∂ẏi

)
=0 (i = 1, ..., n)

Ecuaţia Euler-Lagrange pentru câmp
∂L
∂ϕ
− ∂

∂t

∂L
∂ϕ̇
−∇ ∂L

∂ (∇ϕ)
=0

sau
∂L
∂ϕ
− ∂µ

(
∂L

∂ (∂µϕ)

)
=0

Trecere mecanică clasică −→ câmpuri clasice

y → ϕ(x, t) ; p→ π(x, t)

L(x, ẋ)→ L(ϕ, ϕ̇) ; π(x, t) =
∂L
∂ϕ̇

H(x, p)→ H(ϕ, π) ; H = πϕ̇− L

Lagrangian oscilator armonic

L(y, ẏ) = T − V =
mẏ2

2
− ky2

2

Ecuaţia Euler-Lagrange

−ky = mÿ

Soluţia, ecuaţia de evoluţie oscilator armonic:

y(t) = y0

(
ei ω t + e−i ω t

)
; unde ω =

√
k/m

Sistem cuplat de n oscilatori transversali de masă m

L(yi, ẏi)= T−V =
n∑
i=1

mẏ2
i

2
− kt

2

n+1∑
i=1

(
yi − yi−1

)2
unde kt = τ/∆x

Sistem ecuaţii Euler-Lagrange prin
coordonatele de mod normal

Yi(t)=yi(t)−yei

−kt
(

2Y1−Y2

)
=mŸ1

−kt
(
−Y1+2Y2−Y3

)
=mŸ2

−kt
(
−Y2+2Y3−Y4

)
=mŸ3

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

−kt
(
−Yn−2+2Yn−1−Yn

)
=mŸn−1

−kt
(
−Yn−1+2Yn

)
=mŸn

Soluţiile de mod normal de oscilaţie armonică:

Yi(t)=A sinκjxi︸ ︷︷ ︸ cosωjt

i indică poziţia masei oscilante din lanţ
(longitudinală)

j indică modul normal de oscilaţie (transversală).

Frecvenţele ωj de mod normal de oscilaţie ale
lanţului

(grade de libertate, cuantificate)

ωj = 2ω0 sin

(
jπ

2(n+1)

)
(j = 1, 2, . . . , n)

unde ω0 =

√
kt
m

Coardă oscilantă

L =

T︷ ︸︸ ︷
ρ

2

(
∂y

∂t

)2

−

V︷ ︸︸ ︷
ρ v2

2

(
∂y

∂x

)2

unde v2 =
τ

ρ

Ecuaţia de propagare a undelor

∂2y

∂t2
− v2 ∂

2y

∂x2
= 0

Soluţia de unde staţionare pe domeniul x = 0÷ L

yn(x, t) = An(t) sin
(nπ
L
x
)

Lagrangian de câmp scalar liber

L=

T︷ ︸︸ ︷
1

2

1

c2

(
∂tϕ
)2
−

V︷ ︸︸ ︷
1

2

(
∇ϕ
)2

L=
1

2

(
∂µϕ

)2

Ecuaţia de evoluţie a câmpului scalar
(ecuaţia de propagare a undelor)(

1

c2
∂2
t −∇2

)
ϕ = 0

sau (∂µ∂
µ)ϕ = 0

Soluţia de undă plană ı̂n mişcare

ϕ(~x, t) = A(~k) e−i(ωt−
~k·~x) +B(~k) ei(ωt−

~k·~x)

sau ϕ(x) = A(~k) e−ik·x +B(~k) eik·x

Lagrangean de Câmp Scalar Real Masiv -
Klein-Gordon (cu ~ = c = 1)

L=
1

2

[
(∂tϕ)2−(∇ϕ)2−m2ϕ2

]
≡ 1

2

[
(∂µϕ)2−m2ϕ2

]

Ecuaţia de evoluţie a câmpului
Klein-Gordon

(∂2
t −∇2+m2)ϕ = 0

sau (∂µ∂
µ +m2)ϕ = 0

Soluţia de undă plană ı̂n mişcare

ϕ(~x, t) = A(~k) e−i(ωt−
~k·~x) +B(~k) ei(ωt−

~k·~x)

sau ϕ(x) = A(~k) e−ik·x +B(~k) eik·x

Lagrangean de Câmp Schrödinger

L = i~ϕ∗ϕ̇− ~2

2m
∇ϕ∗ · ∇ϕ− V ϕ∗ϕ

Ecuaţia de evoluţie a câmpului
Schrödinger

i~
∂ϕ

∂t
=− ~2

2m
∇2ϕ+V ϕ

−i~∂ϕ
∗

∂t
=− ~2

2m
∇2ϕ∗+V ϕ∗

Soluţia de undă plană ı̂n mişcare

ϕ(~x, t) = α e−i(ωt−
~k·~x)

ϕ∗(~x, t) = α∗ ei(ωt−
~k·~x)

absentă ı̂n Mec.Cuantică

Lagrangean de Câmp Dirac

L = i ~ ϕ̄ γµ∂µϕ−mc ϕ̄ϕ
unde ϕ̄ = ϕ†γ0

Ecuaţia de evoluţie a câmpurilor Dirac

i~ γµ∂µϕ−mcϕ=0

i~ ∂µϕ̄γµ+mcϕ̄=0

Soluţiile de undă plană Dirac

Soluţia de E > 0 ϕ(~x, t)=u(~p) e−i p ·x

Soluţia de E < 0 ϕ̄(~x, t)=v(~p) e+i p ·x

Lagrangean de Câmp Maxwell

L=
1

2

(
ε0E

2− 1

µ0

B2

)
−ρϕ+ ~J · ~A

sau L = −1

4
FµνF

µν − µ0 jµA
µ

unde Fµν =∂µAν− ∂νAµ ; F µν =∂µAν− ∂νAµ

Ecuaţiile de câmp Maxwell
~∇ · ~E =

ρ

ε0

~∇× ~B − µ0ε0
∂ ~E

∂t
= µ0

~J

sau ∂µ∂
µAν = µ0j

ν

Soluţie de undă plană Maxwell

Aµ = εµ(~q) e−i q ·x



Partea II

De la Mecanica Cuantică (unde) la
Câmpuri Cuantice (particule)

6



7

Cuantificarea I (particule→ unde)

Asocierea corpuscul - undă: p =
h

λ
= ~k ; E = hν = ~ω

Operatori pt. mărimi fizice: x→ x̂ ; p→ p̂=−i~∂x ; E→ Ê= i~∂ t

Relaţie de comutare operatori: [ x̂, p̂ ] = i~

Cuantificarea a II-a (unde→ particule)
Operatori de câmp: ϕ→ ϕ̂ ; π→ π̂

ϕ∗→ ϕ̂† ; π∗→ π̂†

Ec. evoluţie operatori: i~ ˆ̇ϕ =
[
ϕ̂, Ĥ

]
(Ec. Heisenberg)

unde Ĥ(ϕ̂i, π̂i) = π̂i ˆ̇ϕ
i − L

Cuantificare oscilator armonic - operatori de creare â† şi anihilare â stări

Ĥ =
p̂2

2m
+
mω2

2
x̂2 =

(
X̂2 + P̂ 2

)~ω
2

=

(̂
a†â+

1

2

)
~ω
2

X̂=

√
mω

~
x̂ ; P̂ =

√
1

mω~
p̂ â=

1√
2

(
X̂+iP̂

)
; â†=

1√
2

(
X̂−iP̂

)
Comutatori: [x̂, p̂] = i~ ;

[
X̂, P̂

]
= i ;

[
â, â†

]
= 1{

â|n〉 =
√
n |n− 1〉

â†|n〉 =
√
n+ 1 |n+ 1〉

∣∣∣∣∣
{
N̂ |n〉 = â†â|n〉 =

=
√
n
√
n |n〉=n |n〉

∣∣∣∣∣
Ĥ |n〉=~ω

(
â†â+

1

2

)
|n〉=~ω

(
n+

1

2

)
|n〉=En |n〉

∣∣∣∣∣∣∣∣∣∣
cu â|0〉=0

En=

(
n+

1

2

)
~ω

(n=0, 1, 2,. . . )

Soluţia generală ca superpoziţie de unde plane discrete
ϕ̂(x) =

∑
~k

1√
V 2ω~k

(
â~k e

−ik·x+ b̂†~k e
ik·x
)

; π̂= ˆ̇ϕ

Soluţia generală ca superpoziţie de unde plane continui

ϕ̂(x) =

∫
d3~k√

(2π)3 2ω~k

(
â~k e

−ik·x + b̂†~k e
ik·x
)

; π̂= ˆ̇ϕ

Relaţii de comutare pt. operatori de câmp, la acelaşi timp{[
ϕ̂i(~x, t), π̂j(~y, t)

]
= i δij δ(~x−~y)[

ϕ̂i, ϕ̂ j
]
=
[
π̂i, π̂j

]
= 0{[

â~k, â
†
~k′

]
=
[
b̂~k, b̂

†
~k′

]
=δ~k~k′ (discret)

=δ(~k−~k′) (continuu)

Ecuaţia Klein-Gordon (~=c=1)

(∂2
t −∇2 +m2)ϕ = 0 sau (∂µ∂

µ +m2)ϕ = 0

Soluţia generală ca superpoziţie de unde plane discrete (pe volum V finit)

ϕ(t, ~x) =
∑
~k

1√
2ωkV

(
a~k e

−i(ωt−~k·~x)︸ ︷︷ ︸
ϕ+

+ a∗~k e
i(ωt−~k·~x)︸ ︷︷ ︸
ϕ−

)

Êϕ+ ≡
∂ϕ+

∂t
= i~(−iωk)

a~k e
−i(ωkt−kx)
√

2ωkV
= ~ωk︸︷︷︸

E+

ϕ+ E+ =~ωk > 0

Êϕ−≡ i~
∂ϕ−
∂t

= i~(iωk)
a∗~k e

i(ωkt−kx)

√
2ωkV

=−~ωk︸ ︷︷ ︸
E−

ϕ− E−=−~ωk < 0

Soluţia generală ca superpoziţie de unde plane continui, prin
∑
~k

→
∫
d3~k

ϕ(x) =

∫
d4k

(
α~k e

−i k·x + α∗~k e
i k·x
)

=

∫
d3~k√

(2π)3 2ωk

(
α~k e

−i(ωt−~k·~x)+ α∗~k e
i(ωt−~k·~x)

)
aceasta este o dezvoltare Fourier.

Cuantificare câmpuri Klein-Gordon

ĤKG=

∫
1
2

(̂
π2+

(
∇̂ϕ̂
)2

+m2ϕ̂2

)
︸ ︷︷ ︸

ĤKG

d3~x ; π(~x) = ˆ̇ϕ(~x)

Ecuaţiile de evoluţie operatori de câmp Klein-Gordon ϕ̂ şi π̂
i ~
∂ϕ̂

∂t
=
[
ϕ̂, ĤKG

]
= i~ π̂(~x)

i ~
∂π̂

∂t
=
[
π̂, ĤKG

]
= i~

(
∇̂2−m2

)
ϕ̂

Soluţiile operator de câmp ϕ̂ şi π̂ la acelaşi timp sunt:
ϕ̂(~x)=

∫
d3~k√

(2π)3 2ωk

(
âk e

i~k·~x+ â†k e
−i~k·~x

)
π̂(~x)=

∫
d3~k√

(2π)3 2ωk
(−iωk)

(
âk e

i~k·~x− â†k e
−i~k·~x

)
Relaţii comutare operatori de câmp KG la acelaşi timp[

ϕ̂(~x, t0), π̂
′(~x′, t0)

]
= i ~ δ3(~x− ~x′)

Ecuaţia Dirac(
i

c
γ0∂t + iγ · ∇−mc

~

)
ϕ=0 sau

(
iγµ∂µ −

mc

~

)
ϕ=0

Soluţia generală ca superpoziţie de unde plane

ϕ(x)=u(1,2)(~p) e−i p·x/~︸ ︷︷ ︸
ϕ+

+ v(2,1)(~p) ei p·x/~︸ ︷︷ ︸
ϕ−

(γµpµ−mc)u(~p)=0 ; (γµpµ+mc) v(~p)=0u
(1,2)
A = χ(1,2) ; u

(1,2)
B = ~σ·~p c

E+mc2
χ(1,2)

v
(1,2)
A = −~σ·~p c

|E|+mc2 χ
(1,2) ; v

(1,2)
B = χ(1,2)

Cu trecerea: (ϕ̂, π̂)→ (âk, â
†
k)

α̂k=
1

2

∫
d3~x

(2π)3

(
ϕ̂(~x) +

i

ωk
ˆ̇ϕ(~x)

)
e−i

~k·~x

α̂†k=
1

2

∫
d3~x

(2π)3

(
ϕ̂(~x)− i

ωk
ˆ̇ϕ(~x)

)
ei
~k·~x

Relaţiile de comutare:
[
âk, â

†
k′

]
= δ(3)

(
~k − ~k′

)
ĤKG=

1

2

∫
d3~k ωk

(̂
akâ

†
k+â†kâk

)
=

∫
d3~k ωk

(̂
a†kâk+

1

2

)
Operatorul densitate de energie
pt. mode k osc. câmp KG (cu ~):

∣∣∣∣ Êk = ~ωk
(̂
a†kâk+

1

2

)

Ecuaţia de câmp electromagnetic(
1

c2
∂2

∂t2
−∇2

)
~A = 0 ; ~E=−~∇φ− ∂

~A

∂t
; ~B= ~∇× ~A

Soluţia generală: ~A(~r, t) = ~ε

√
~

2ε0ωV

(
a e−i(ωt−

~k·~r)+a∗ei(ωt−
~k·~r)
)

Cuantificare câmp electromagnetic
Soluţii operator de câmp EM Â(~r, t)

~̂A(~r, t)=
∑
k,λ

~ελ

√
~

ε02ωkV

(̂
akλe

i(~k·~r−ωkt)+â†kλe
−i(~k·~r−ωkt)

)
Hamiltonian câmp EM: ĤEM =

1

2

∫
V

(
ε0Ê

2+
B̂2

µ0

)
d3r

ĤEM =
1

2

∑
k,λ

~ωk
(
â†k,λâk,λ+âk,λâ

†
k,λ

)
=
∑
k,λ

~ωk
(
â†k,λâk,λ︸ ︷︷ ︸
N̂kλ

+
1

2

)
Operatorul densitate de energie
pt. mode k oscilaţie câmp EM:

∣∣∣∣ Êk = ~ωk
(
N̂kλ+

1

2

)


